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Surface depinning of smectic-A edge dislocations
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Using a Landau–de Gennes approach, we model the formation of an edge dislocation in a smectic-A cell
initially in the bookshelf structure. The driving force is the mismatch between the layer thickness in a bulk
smectic-A liquid crystal and that imposed by confining plates. The core structure of the dislocation is calculated
taking into account spatial variations of the smectic translational order parameter. We numerically determine
the critical condition for the surface-driven formation and depinning of the dislocation. By exploiting this
phenomenon, we show how the value of the positional anchoring strength at the surface can be determined.
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I. INTRODUCTION

In bulk smectic liquid crystal@1# ~LC!, planar layers are
characterized by the periodicityqb52p/db . Within each
layer, the distribution of a center of mass of a LC molec
exhibits two-dimensional~2D! liquidlike behavior. Different
families of smectics are classified mainly according to ori
tational ordering of molecules within layers. In the simple
smectic-A (SmA) phase, which is the subject of this stud
the molecules are aligned along the layer normal. The es
tial features of this phase are covered by relatively sim
models that also serve as a basis for understanding m
sophisticated smectic phases, particularly concerning
layer structure.

The most energy-demanding deformations in sme
phases are those tending to expand or compress smectic
ers. If, nevertheless, such deformations areimposed, a SmA
phase often responds by introducing a lattice of edge
screw dislocations@2#. In this way, strong smectic elasti
distortions can be localized in finite regions in the form
dislocations. A typical example involves the various tw
grain boundary@3# ~TGB! phases, which have been wide
studied recently@4,5#. In these phases, the imposed nema
twist distortion is localized in a lattice of screw dislocation

The lattice of edge dislocations, which has been so
less studied@6#, can be enforced in various ways. It ma
form as a response to a bend deformation in the nem
ordering. It may alternatively appear when some exter
potential enforces surface periodicityqs52p/ds not equal to
the bulk periodicityqb . This is often the case when th
smectic layers are stacked perpendicular to a confining
face, which enforces periodicityqs . The apparent intrinsic
surface periodicity@7# is usually attributed to a surfac
memory effect@8#. The surface is thought to retain the bu
periodicity that first appeared when the smectic phase c
densed above the initially isotropic surface. In this pictu
when the system is cooled gradually from the nematic ph
the surface periodicityqs appears to resemble that periodi
ity qb which is obtained at the nematic-smectic phase tra
tion.

However, the bulk imposed stress established forqsÞqb
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can also be partially relaxed via other channels. We now
some of the most relevant scenarios in the so-called bo
shelf smectic configuration, which plays an essential role
various electro-optical applications. In this structure, sho
in Fig. 1, the smectic layers are perpendicular to the con
ing surfaces of the liquid-crystal cell. In this geometry,
mismatch between the bulk smectic wave numberqb and a
surface wave numberqs imposed by the confining surfac
often appears. If the system remains in the bookshelf ge
etry, the stress is uniformly distributed across the whole c
of thicknessLx . Then if the stress exceeds some critic
value ~which is proportional toLx

2 @6,9#!, structural changes
appear, enabling the elastic penalties to be localized.
equilibrium structure involves a balance between orien
tional and positional anchoring energy, nematic direc
bending, smectic layer compression, and smectic mel
free-energy costs.

If qs,qb , the initial bookshelf structure usually deform
and a buckledchevronstate appears@Fig. 2~a!#. The smectic
layers form a V shape, meeting in the middle of the ce
@6,9–11#. Tilting the layers reconciles the bulk and surfa
periodicities. If the layers are allowed to slip at the boundi
plates, the smectic layers simply tilt to satisfy the position
boundary condition, resulting in the so-calledtilted structure
@Fig. 2~b!# @6,9,11#. In principle, however, one might als

FIG. 1. The bookshelf structure and coordinate system of
problem.
©2001 The American Physical Society05-1
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imagine that the surface and bulk periodicities could be r
onciled by layer slippage without tilting the layers. There a
then two possibilities. For strong positional surface anch
ing, a lattice of edge-dislocation lines@Figs. 2~c! and 2~d!#
might form at or close to the walls. Alternatively, for wea
positional surface anchoring, there might be some degre
layer slippage at the interface. In practice, this will only o
cur @6# close to the nematic-smectic phase transition or in
presence@12# of an external electric or magnetic field su
porting the bookshelf arrangement.

However, whenqs.qb , the mismatch can no longer b
accommodated by a layer tilt. The accommodation must n
occur either through layer slippage or by creating a dislo
tion structure.

In the phenomena described above, edge dislocations
the central role. The structure of a single edge dislocation
already been studied theoretically using continuum-type
proaches@1,13#. These studies have been carried out in
constant smectic order-parameter approximation and req
the introduction of a cutoff radius. In this paper, we need
develop a description of the surface-induced formation of
edge dislocation in the SmALC phase that also allows spati
variation of the smectic order parameter.

The plan of the paper is as follows. In Sec. II, we intr
duce the model. In Sec. III, we study the surface-driven f
mation of an edge dislocation and its depinning from
substrate. We propose an experiment to determine the v
of the surface positional anchoring. The results are sum
rized in Sec. IV.

II. MODEL

A. Free energy

We use the Landau–de Gennes approach@1,3,6#, in which
ordering in the SmA phase is described by the nematic d

FIG. 2. For dsÞdb , the bookshelf structure can become u
stable with respect to the chevron~a!, tilted ~b!, and dislocation
~c,d! structure.
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rector field n and the smectic complex order parameterc
5heif. The uniaxial vectorn points along the local averag
orientation of rodlike LC molecules,h is the amplitude of
the smectic density wave~h50 in the nematic phase!, and
the phase factorf determines the position of the smect
layers.

It is convenient to write the free energyF of the confined
liquid crystal as the sum of a homogeneous smectic con
bution f b , a nematic elastic contributionf e

(n) , a smectic elas-
tic contribution f e

(s) , and a surface positional contributio
f s

(s) :

F5E ~ f b1 f e
~n!1 f e

~s!!d3r 1E f s
~s!d2r , ~1!

whered3r andd2r denote, respectively, volume and surfa
integrations.

These contributions are given by@1,3,6#

f b5a
T2TNA

TNA
ucu21

b

2
ucu4, ~2a!

f e
~n!5

K11

2
~“•n!21

K22

2
~n•“3n!21

K33

2
~n3“3n!2,

~2b!

f e
~s!5g iu~n•“2 iqb!cu21g'u~n3“ !cu2, ~2c!

f s
~s!5

1

2
Wpuc2csu2. ~2d!

The material constantsa and b determine the degree o
ordering in the unconstrained bulk SmA phase,T is the ab-
solute temperature, andTNA is the temperature of the bul
nematic-SmA continuous phase transition. BelowTNA , the
potential f b enforces h(T)5hb5A@a(TNA2T)#/bTNA.
The nematic splay (K11), twist (K22), and bend (K33) elastic
constants tend to establish homogeneous orientational o
ing along the symmetry breaking direction. Close toTNA ,
the twist and bend elastic constant exhibit an anomalous
crease attributed to fluctuations in the smectic degree of
dering. The discussion of this anomaly will be postponed
future studies. The smectic compressibility (g i) and bend
(g') elastic constants favor layer periodicityqb and the
nematic director orientation along the layer normal, resp
tively. In most cases, the ratiog i /g' is roughly proportional
to the ratio between the length and width of a LC molec
@1#. In our calculations, we have used a nematic and sme
one-constant approximation, for whichK115K225K33[K
andg i5g'[g.

The smectic surface free-energy density is measure
terms of the positional anchoring strengthWp , tending to
establish the smectic orderingcs5hse

ifs. In addition, we
assume that the surface imposes strong tangential orie
tional anchoring, i.e., it enforces ton orientation perpendicu-
lar to the surface normal.

The functional~2! implicitly defines two lengths that play
an essential role in our calculations. These are@1# the smec-
5-2
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SURFACE DEPINNING OF SMECTIC-A EDGE DISLOCATIONS PHYSICAL REVIEW E63 031705
tic correlation lengthj5j0 /A12(T/TNA) with j05Ag/a,
and the surface positional extrapolation lengthz5g/Wp .
For completeness, we define also the smectic penetra
lengthl5AK/ghb

2qb
2.

B. Parametrization and scaling

We perform calculations in the Cartesian-coordinate s
tem ~x,y,z! introduced in Fig. 1. The SmA LC is restricted to
a cell of widthLx with cell surface areaLyLx . The layers are
stacked along thez direction and the system is homogeneo
in the y direction. The surface enforces tangential orien
tional anchoring~i.e., the easy axis of the orientational a
choring surface potential points along thez axis! and en-
forces periodicityqs52p/ds ~i.e., fs5qsz!. For numerical
purposes, we introduce the phase slippagew(x,z)5qsz
2f(x,z). As z is increased at constantx, this quantity tracks
the effective wave number of the smectic layers atx. If
dw/dz50, then the layers are essentially entrained by
surface. The director field is parametrized asn
5(cosq,0,sinq). The variational parameters of the mod
are thusq(x,z), w(x,z), andh(x,z).

We further introduce the reduced temperaturet5(T
2TNA)/TNA , dimensionless stress parameter«5(db /ds)
215(qs /qb)21, scaled smectic order parameterh̃
5h/hb , and we define rescaled lengths and operators
units of db : x̃5x/db , ỹ5y/db , z̃5z/db , ¹̃5db¹. Subse-
quently, we drop the tildes.

In the dimensionless representation, we obtain the follo
ing expression for the dimensionless free energyG
5F/(Lyghb

2):

G5E E dx dz„h2$2p@cosq~11«!21#2n•“w%2

1~n•“h!21h2u2p@sinq~11«!#2n3“wu21un

3“hu2…1E E dx dzFdb
2

j2 S 2h21
h4

2 D1
qb

2l2

2
u¹qu2G

1E db

2z
uh2hse

iwu2dz. ~3a!

In our numerical calculations, we express the smectic
der parameter asheiw5A1 iB, where A5A(x,z) and
B(x,z) are real functions. In melted regions, this circum
vents problems with the definition ofw when h50. Using
this representation, Eq.~3a! can be rewritten as

G5E E dx dzFdb
2

j2 @~A21B2!2 1
2 ~A21B2!2#

14p2@112« cos~q!1«2#~A21B2!1S ]A

]x D 2

1S ]A

]z D 2G
1E E dx dzH S ]B

]x D 2

1S ]B

]z D 2

14pFsin~q!S ]A

]x
B
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2
]B

]x
AD1@cos~q!1«#S ]A

]z
B2

]B

]z
AD G J

1E E dx dzH qb
2l2

2 F S ]q

]x D 2

1S ]q

]z D 2G J
1E db

2z
@~A2As!

21~B2Bb!2#dz. ~3b!

The relevant dimensionless parameter corresponding
the surface properties is the ratioU5db /z5Wpdb /g. This
quantity characterizes the dislocation formation properties
the system. We also make the simplifying approximation t
the surface and bulk degree of smectic ordering are eq
(hs5hb). This approximation does not affect the qualitati
behavior of the model.

We focus on the case of a semi-infinite cell whereLx
→`. Phenomena at opposite plates are now decoupled.
results we present thus now concern an idealized cas
which there is mismatch between bulk periodicity and s
face periodicity on one plate placed atx50. The relevant
Euler-Lagrange equations have been solved numerically,
ing the overrelaxation method@14#.

III. RESULTS

A. Formation and depinning

We first consider the structure of an edge dislocation
the strong positional anchoring limit~i.e., U5`!. In this
case, the surface strongly enforces periodicityqs at the
bounding plate. In order to obtain bulk smectic ordering w
periodicity qb far from the surface, a lattice of edge disloc
tions must necessarily be formed at a finite distancer from
the surface. In Fig. 3, we show the corresponding spa
variation of the smectic order parameterh(x,z). At the cen-
ter of each edge dislocation, the smectic phase melts and
ordering disappears as a result of topological requiremen

The core region, where the smectic degree of order
apparently departs from the bulk valuehb , is asymmetric
~note that calculations are carried forg i5g'[g!. Only far
from the surface does the smectic ordering recover the b
degree of ordering; it does so on a length scale of the o
of the smectic correlation length. Even at the defect site,

FIG. 3. The spatial profileh5h(x,z) of the smectic order pa-
rameter superimposed on the corresponding layer structure foU
510Um . t520.05,«50.05, andUm50.5.
5-3
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nematic director field exhibits only a negligible departu
from the z direction. These departures are shown in Fig.
Following this result, we feel confident in constrainingn to
be along thez direction in all subsequent calculations.

In the same figure, we also compare the core struc
obtained within our approach with the one resulting from
standard continuum approach@1,4# where LC molecules are
locked along the layer normal and the cutoff radius is int
duced at the defect. For the example shown, the depart
are relatively small.

In the semi-infinite geometry, the local surface structure
a function of the two dimensionless parameters« and U.
Here we focus on the formation and evolution of edge d
locations at constant strain. A full spectrum of behavio
occurs as the surface positional anchoring strength
changed.

For U50, the smectic layers adopt the undistorted bo
shelf structure. The phase favored by the local surfac
unable to influence the phase close to the surface becau
the zero coupling. As the surface anchoring parameteU
increases from zero, the smectic layers deform. In this
gime, the average layer periodicity is given by the bulk p
riodicity. However, due to the surface coupling, the layeri
near the surface tries to follow the surface-favored period
ity, but is unable to do so. The net effect, near the surface
to cause regions in which the local layering seems loc
onto the surface-favored structure, separated by phase-
regions that realign the layer periodicity with the bulk.

Equivalently, near the surface the phase factor exhibi
solitonlike profile in thez direction. The surface-induced dis
tortions persist away from the surface over a distance de
mined byj and«. In the limit x@j, the undistorted smectic
bookshelf structure is recovered.

Let us focus on the region close to the surface. At
soliton wall—defined as the site of maximalw variation—the
surface and bulk layers are out of phase. This affects
magnitude of the smectic order parameter in this regi
which is reduced. The quantityh(0,z) reaches a minimum
hmin at the soliton wall. This is shown in Fig. 5~a!.

As the smectic anchoringU is increased, the value ofhmin
decreases in a roughly linear fashion. At a threshold va
U5Um(«,t), the stress imposed on the smectic layers
sufficiently strong thathmin reaches zero. The smectic me

FIG. 4. The director field departures from the bookshelf
rangement at the dislocation core in comparison to the results o
standard harmonic approach@1# in terms of a scalar displacemen
field. The defect is placed atx. ~a! Landau–de Gennes and~b!
harmonic approach.
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at the surface, and there are now edge dislocations loc
precisely at the surface.

Then asU is increased beyond its critical valueUm , the
dislocationsdepinfrom the surface, apparently continuousl
As U is increased further, the defect is now repelled from
surface. The surface region is now dominated by the surf
periodicity. In this regime, the mismatch between the surf
and bulk periodicities is relieved by a lattice of defects
cated at a distancer 5r (U,«,t) from the boundary. The be
havior of the distancer of the edge dislocation as a functio
of U is shown in Fig. 5~b!. We note that forU@Um , the
dislocation asymptotically approaches a fixed distancer from
the surface. We find numerically that, roughly speakingr
}1/u«u.

Finally, we have numerically determined the critical val
Um(«,t). We find linear behavior, roughly given by

Um~«,t!;0.0815.2u«u23.2t. ~4!

As expected, the threshold smectic anchoring for dislo
tion formation is lower close to theN-SmA phase transition.

B. Determination of Wp

The formation of edge dislocations in the case we ha
studied strongly depends on the surface couplingWp . This
coupling also plays an important role in various electro-op

-
he

FIG. 5. ~a! The spatial variation ofh in the x direction at the
soliton wall for u«u50.05, t520.05, and different values ofU
(U/Um50.5,1,3,7).~b! The positionr of the edge dislocation as
function of U/Um .
5-4
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SURFACE DEPINNING OF SMECTIC-A EDGE DISLOCATIONS PHYSICAL REVIEW E63 031705
applications. Normally, we expect a highWp to favor the
formation of ~in principle unwanted! chevron structures in
surface-stabilized ferroelectric cells. Therefore, it is of int
est to know its strength in order to predict possible effect
can cause. Despite its importance for various electro-o
applications, the only known estimate ofWp has hitherto
been reported by Cagnon and Durand@7#. Using a microme-
chanical technique, they measuredWp for the SmA LC 40.8
yielding a valueWp;1028 J/m2. Such an extremely low
value of Wp is from our point of view rather surprising in
view of the conventional view that strong memory effec
pin the surface layers.

We now propose a possible determination ofWp using the
edge-dislocation depinning process discussed in this pa
We analyze the simplest possible scenario from the exp
mental point of view. For this reason, we study the surfa
induced formation of a lattice of edge dislocations. The te
perature of a liquid crystal in the SmA phase is increase
starting from the defectless state.

We take advantage of the strongt dependence ofUm

5Um(t) found in our numerical study. By contrast, expe
ments @11# indicate a relatively weak temperature depe
dence of«. Assuming temperature-independent values oU
and«, there will now be a temperature-driven transition fro
the defect-free state atU,Um into a U.Um regime where
dislocations do occur. We have numerically examined
caseU50.25 and«50.01 and the temperature is increas
from t5t1 to t2 . Initially, the system is in the distorte
bookshelf structure whereU,Um(t1)50.3 and (t15
20.05) @see Eq.~4!#. The SmA phase is then heated tot2
520.01, where now the condition isU.Um(t2)50.17. For
a typical SmA liquid crystal, one findsg;10212J/m2, d0
;2 nm. In this case, the phenomenon is observable ifT1
;TNA230 K, T2;TNA , and Wp;1024 J/m2. Thus the ef-
fective surface anchoring can be tuned by changing the t
perature, and the dislocation lattice can be induced by a t
perature change.

There are two main obstacles from the experimental p
of view to realize the proposed scenario experimenta
First, the depinning process only weakly affects nematic
entational ordering, excluding the use of relatively simp
optic methods. An experimental method that directly prob
the smectic layers is therefore needed. We believe that x
scattering localizing the scattering close to an enclosing
plate ~the penetration length of few smectic correlati
lengths is favorable! is adequate for this purpose. In th
case, the appearance of edge dislocations would result in
broadening of the scattering spectrum.

The second problem concerns the conditiondb /ds.1, in
which edge dislocations are likely to appear. In practice,
condition occurs only rarely. The mismatch normally a
pears as a result of the memory effect, in which casedb /ds
,1. In this case, for most materials and reasonable value
Lx , the chevron structure is usually observed@6,9,11#. The
chevron structure can be avoided by applying an exte
electric or magnetic field sustaining the bookshelf alignm
~i.e., q50!. In the chevron structure, the LC molecules a
on average tilted forqc;arccos(db /ds) @6,9#. This subse-
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quently causes a strong free-energy penalty proportiona
the cell thicknessLx .

We can estimate the critical electric field required to s
bilize the dislocation structure. The idea is to compare
free energyF cost of the chevron (Fc) and the ‘‘dislocation’’
(Fd) structure~i.e., the structure incorporating a lattice o
defects!. The electric fieldE is supposed to be aligned alon
the z direction. In the chevron structure, the director fie
reorients fromq(x50)50 to qc;arccos(db /ds);A2« at a
distance given by the smectic penetration lengthl. The rel-
evant free-energy costFc of this configuration isFc /KLy

;Lz„(qc
2/2l)2@(Lx cos2 qc)/2jE

2 #…, where jE

5AK/D««0E2 is the field correlation length. The first term
estimates the nematic elastic costs at the surface and
second is the field contribution.

In the dislocation structure, we assume that the main c
tributions come from the melted regions at defect sites t
roughly occupy the volumepLyj

2Nedge. Here Nedge
;«Lz /db @6# estimates the number of edge dislocations
one surface. With this in mind, we obtainFd /KLy

;Lz@(pgh2«/2Kdb)2(Lx/2jE
2)#.

The dislocation structure is preferred to the chevron str
ture if Fd,Fc , yielding the following condition:

Lxdb

jE
2 .

p

2q0
2l22

db

l
. ~5!

Thus the threshold external field necessary to stabilize
dislocation structure is proportional to 1/ALx.

Note that the presence of an external field supporting
bookshelf structure does not affect our calculations. The
ternal field is strongly coupled only to the director field. Th
has practically the same configuration in the dislocat
structure with or without the external field.

IV. CONCLUSIONS

We have studied surface-induced formation and dep
ning of an edge dislocation in a SmA phase by means of a
Landau–de Gennes description. A simple surface positio
anchoring term is proposed in order to study the competit
between bulk elastic and surface forces. Edge dislocat
are the consequence of the mismatch between surface
bulk periodicities.

We have studied the onset of an edge dislocation by
creasing the surface positional anchoring strengthU. We
show that with increasedU, the edge dislocation is formed a
the surface and then depinned from it in a continuous w
The critical condition for the edge-dislocation formation h
been obtained numerically. For a large enough value ofU, an
edge dislocation saturates at a finite distancer from the sur-
face. In the regime we have studied, we findr}1/u«u.

We have then used our picture of dislocation depinning
provide a possible experimental route toward measuringWp .
To the best of our knowledge, only one measurement@7# of
this constant has been reported, suggesting a suprisingly
value Wp;1028 J/m2. The experimental observation of th
5-5
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proposed scenario can serve as a test of this prediction o
at least yield the upper limit ofWp values.

In future work, we will study the influence of the ce
thicknessLx on the dislocation lattice structure within th
cell. Our preliminary studies show that phenomena at b
plates strongly interfere when the cell thickness becom
comparable to the smectic correlation length. For ev
smaller values ofLx , the interacting edge dislocations
l.
in
-

03170
an

th
s
n

different plates may annihilate, once again forming a defe
free structure.
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